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A s i g n i E i c a n t  po r t ion  (10 seconds) of t h e  t o t a l  r e e n t r y  t i m e  f o r  t h e  
space s h u t t l e  o r b i t e r  w i l l  be spen t  i n  t r a v e r s i n g  t h e  a l t i t u d e  range between 
60 km and 100 km. D e n s i t i e s  a t  t h e s e  a l t i t u d e s  are t h e r e f o r e  of i n t e r e s t  from 
t h e  s t a n d p o i n t s  of t r a j e c t o r y ,  con t ro l ,  and hea t ing .  
S t a t i c  atmospheric models are known t o  be inadequate  f o r  p r e d i c t i n g  satel- 
l i t e  impact and t h e  decay of satellite o r b i t s  (e.g. ,  see S c h i l l i n g  (1968))*. 
D e V r i e s  (1971) n o t e s  t h a t  t h e s e  models assume s t a t i c  equ i l ib r ium cond i t ions  
which are inadequate  f o r  d e a l i n g  with short-per iod atmospheric p e r t u r b a t i o n s .  
Thus, t h e s e  s t a t i c  models are c e r t a i n l y  inadequate  f o r  e s t i m a t i n g  d e n s i t y  
v a r i a t i o n s  which occur wi th  pe r iods  on t h e  o r d e r  of 10 3 seconds. 
Densi ty  v a r i a t i o n s  may be a s s o c i a t e d  wi th  a number of p h y s i c a l  phenomena 
i n c l u d i n g  tu rbu lence ,  a u r o r a l  a c t i v i t y ,  atmospheric chemistry,  atmospheric 
h e a t i n g ,  and " g r a v i t y  waves". Wind-speed p r o f i l e s  are r e l a t i v e l y  p l e n t i f u l  
between 60 km and 100 km. 
c l u d i n g  t h e  r a d a r  t r a c k i n g  of chaff  , o p t i c a l  t r a c k i n g  of t h e  chemiluminescent 
trails r e s u l t i n g  from r o c k e t  releases, a c o u s t i c a l  techniques,  and t h e  r ada r  
t r a c k i n g  of t h e  i o n i z a t i o n  trails of meteors.  Many of t h e s e  d a t a  show evidence 
of " g r a v i t y  waves" o r  waves r e s u l t i n g  from t h e  e f f e c t s  of c o m p r e s s i b i l i t y  and 
bouyancy . 
These may b e  ob ta ined  by a number of methods, i n -  
Hines (1960) w a s  t h e  f i r s t  t o  relate t h e  s a l i e n t  f e a t u r e s  of m e t e o r - t r a i l  
wind d a t a  ( a v a i l a b l e  between 80 km and 115 km) t o  i n t e r n a l  g r a v i t y  waves. I n  
summarizing f e a t u r e s  of t h e s e  d a t a ,  he n o t e s  t h a t  they are c h a r a c t e r i z e d  by 
rough ly  h o r i z o n t a l  winds which e x h i b i t  s t r o n g  v a r i a t i o n s  Over ve r t i ca l  d i s t a n c e s  
of a few k i lome te r s .  A more o r  less t y p i c a l  v a r i a t i o n  is  seen t o  have: a 
ver t ica l  scale of about 1 2  km; a h o r i z o n t a l  scale which exceeds t h e  v e r t i c a l  
* 
A complete reference on each author's work c i t d  i n  this report, i:; givc,ti ;.ti 
Section V I .  
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scale by a f a c t o r  of 20 o r  more; and a per iod  of about 200 minutes .  The wind 
v a r i a t i o n s  are g e n e r a l l y  seen t o  i n c r e a s e  wi th  he igh t  and a background wind 
shea r  i s  f r equen t ly  ev iden t .  
This  r e p o r t  i s  concerned wi th  ob ta in ing  an a n a l y t i c  expres s ion  which per- 
m i t s  t h e  u s e  of g r a v i t y  wave wind-prof i les  i n  making estimates of t h e  magnitude 
of d e n s i t y  v a r i a t i o n s  between t h e  a l t i t u d e s  of 60 km and 100 km. A review of 
tlie g r a v i t y  wave theory  is a l s o  inc luded .  
l i ines (1960) has  made t h e  primary c o n t r i b u t i o n  i n  t h i s  d i r e c t i o n  by 
developing an a n a l y t i c a l  express ion  r e l a t i n g  d e n s i t y  v a r i a t i o n s  t o  wind speed 
v a r i a t i o n s  f o r  g r a v i t y  waves. It  is  no t  c lear ,  however, t o  what e x t e n t  h i s  
a n a l y t i c  express ion  is v a l i d  f o r  an atmosphere wi thout  a cons t an t  mean tempera- 
t u r e  o r  having a background wind. 
P i t teway and Hines (1965) have obta ined  a n a l y t i c  expres s ions  f o r  t h e  l i n e a r  
and exponent ia l  v a r i a t i o n  of t h e  mean tempera ture  w i t h  h e i g h t  by employing a 
W .  K .  B .  approximation. However, they  d i d  n o t  o b t a i n  an a n a l y t i c  expres s ion  
which is  s u i t a b l e  f o r  t h e  e s t ima t ion  of d e n s i t y  v a r i a t i o n s  from wind v a r i a t i o n s  
i n  t h e  presence of background wind shea r .  
Hines and Keddy (1967) have cons idered  t h e  e f f e c t  of wind speed i n  t h e i r  
a n a l y s i s  of the  propagat ion of a tmospheric  g r a v i t y  waves through r eg ions  of 
wind shea r .  However, they  have neg lec t ed  an e x p l i c i t  background wind-shear 
parameter  i n  t h e i r  formula t ion  of t h e  problerii. The background wind shea r  is 
in t roduced  by d i v i d i n g  t h e  atmosphere i n t o  l a y e r s ,  each posses s ing  a cons t an t  
wind speed.  A s  noted by Booker and Bre the r ton  (1967) and by Hines (1968) t h i s  
approach l e a d s  t o  problems a t  " c r i t i ca l  l a y e r s "  where t h e  background wind speed 
i n  t h e  d i r e c t i o n  of h o r i z o n t a l  wave propagat ion  equa l s  t h e  h o r i z o n t a l  phase 
speed. 
s h e a r ,  i t  cannot be adapted t o  t h e  a n a l y t i c a l  e s t i m a t i o n  of d e n s i t y  v a r i a t i o n s  
when wind shea r  is p r e s e n t .  
S ince  t h i s  a n a l y s i s  f a i l s  t o  d e a l  a n a l y t i c a l l y  w i t h  background wind- 
?\ 
Brether ton  (1966) and Booker and Ure ther ton  (1967) have i i icluded tlie 
e f f e c t s  of wind shea r  i n  t h e i r  ana lyses .  However, t h e s e  ana lyses  are based 
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on t h e  Bousinnesq equat ions which are only v a l i d  f o r  g r a v i t y  waves i n  a com- 
p r e s s i b l e  f l u i d  when t h e  v e r t i c a l  s c a l e  of t h e  motion is  s m a l l  compared t o  t h e  
atmospheric scale he igh t  (e.g. ,  see Bre the r ton  (1966), Dutton and F i c h t l  (1969)).  
For t h e  a l t i t u d e  range of i n t e r e s t  he re ,  t h e  ver t ica l  scale of motion may be 
on t h e  same o r d e r  as t h e  scale height  s o  t h a t  t h e  r e s u l t s  of t h e s e  workers may 
n o t  b e  g e n e r a l l y  a p p l i c a b l e  t o  t h e  problem t r e a t e d  i n  t h i s  r e p o r t .  
Th i s  r e p o r t  a t tempts  t o  in t roduce  wind shea r  and temperature  g r a d i e n t s  
i n t o  t h e  g r a v i t y  wave problem w h i l e  r e t a i n i n g  t h e  simple fo rmula t ion  of Hines 
(1960). This w i l l  be  seen t o  impose c e r t a i n  r e s t r i c t i o n s  upon t h e  g e n e r a l i t y  
of t h e  r e s u l t s .  These r e s t r i c t i o n s  are considered i n  some d e t a i l  and they are 
n o t  found t o  s e r i o u s l y  i n h i b i t  t he  e s t ima t ion  of d e n s i t y  v a r i a t i o n s  from wind 
d a t a .  
The r e p o r t  is  organized i n t o  f i v e  s e c t i o n s .  Sec t ion  I1 i s  concerned wi th  
t h e  b a s i c  theory.  A t t e n t i o n  is a l s o  given t o  t h e  j u s t i f i c a t i o n  of t h e  assump- 
t i o n s  which are used i n  e s t a b l i s h i n g  and s p e c i a l i z i n g  t h e  b a s i c  equat ions.  
S e c t i o n  I11 develops and j u s t i f i e s  t he  expres s ion  f o r  e s t i m a t i n g  t h e  v a r i a t i o n s  
i n  d e n s i t y  a s s o c i a t e d  wi th  v e l o c i t y  v a r i a t i o n s  i n  t h e  presence of wind shear  
and temperature  g r a d i e n t s .  A t t en t ion  is  a l s o  given t o  c r i t i ca l  l e v e l s ,  tempera- 
t u r e  and wind p r o f i l e s  and s t a b i l i t y .  Sec t ion  I V  d i s c u s s e s  t h e  p h y s i c a l  s i g n i -  
f i c a n c e  of parameters and parameter ic  regimes.  The use of t h e  r e s u l t s  of 
S e c t i o n  I11 is a l s o  demonstrated f o r  a p a r t i c u l a r  sample of d a t a .  Sec t ion  V 
summarizes t h e  p r i n c i p a l  r e s u l t s  and conclusions.  Sec t ion  V I  c o n t a i n s  a l i s t  
of r e f e r e n c e s  t o  t h e  work of each author c i t e d  i n  t h i s  r e p o r t .  An appendix i s  
a l s o  included which d i s c u s s e s  the  problem of e s t i m a t i n g  t h e  background wind 
speed and t h e  mean temperature  from a v a i l a b l e  d a t a .  
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I .' 
Section I I  
THEORY 
I n  t h i s  s e c t i o n  t h e  Navier-Stokes equa t ions  w i l l  b e  s p e c i a l i z e d  t o  g i v e  a 
simple a n a l y t i c a l  r e l a t i o n  between d e n s i t y  and v e l o c i t y  v a r i a t i o n s  a s s i c i a t e d  
wi th  low-frequency g r a v i t y  waves, f o r  a l t i t u d e s  between 60 km and 100 km. How- 
e v e r ,  b e f o r e  proceeding wi th  t h i s ,  the c o n s t r a i n t s  imposed by t h e  continuum 
assumption w i l l  be  i n v e s t i g a t e d .  This assumption i s  b a s i c  t o  t h e  Navier-Stokes 
equa t ions .  
K i n e t i c  theory may be used t o  show t h a t  t h e  continuum gas dynamics regime 
e x i s t s  provided t h a t  t h e  Knudsen number, Kn, s a t i s f i e s  t h e  cond i t ion  
K < n -  
The Knudsen number f o r  i n t e r n a l  g r a v i t y  waves is d e f i n e d  as t h e  r a t i o  of t h e  
mean f r e e  pa th  t o  t h e  dominant v e r t i c a l  scale, o r  v e r t i c a l  wavelength, of t h e  
motion. That is 
R - -  
Z 
Kn - x 
The mean f r e e  p a t h ,  R ,  a g g i v e n  by the U. S. Standard Atmosphere (1962) is  on 
t h e  o r d e r  of 
f o l l o w s  t h a t  t h e  Navier-Stokes equat ions may be appl ied between 60 km and 100 km 
provided t h a t  they are used t o  d e s c r i b e  v e r t i c a l  wavelengths g r e a t e r  than about 
1 cm a t  60 km and g r e a t e r  than about 10 m a t  100 km. These l i m i t i n g  v a l u e s  are 
s m a l l  i n  comparison wi th  t h e  nominal vertical  scale f o r  i n t e r n a l  g r a v i t y  waves 
of about  10 m, which Hines sugges t s  f o r  a l t i t u d e s  between 80 km and 115 km. 
Thus, t h e  Navier-Stokes equa t ions  may be s a f e l y  app l i ed .  
a t  60 km and l O - l m  at 100 km. Thus, from cond i t ion  (1) , i t  
4 
The important  conclusion which r e s u l t s  from cond i t ion  (1) and equa t ion  
(2)  is t h a t  t h e  u s e f u l n e s s  of t h e  Navier-Stokes equa t ions  i s  l i m i t e d  by t h e  
v e r t i c a l  wavelength of t h e  motion and t h e  molecular mean f ree  pa th  of tlie 
atmosphere. Since t h e  mean f r e e  path i n c r e a s e s  upward, then s o  must tile 
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l i m i t i n g  v e r t i c a l  wavelength a s s o c i a t e d  wi th  t h e  motion. Phys ica l ly ,  condi t ion  
(1) s a y s  t h a t  the wavelength of t h e  motion must a t  least  be  of a c e r t a i n  magni- 
tude o r  t h e  ordered wave motion w i l l  b e  l o s t  i n  t h e  chaos of random molecular 
i n t e r a c t i o n .  
t o  propagate  upward u n t i l  condi t ion  (1) is v i o l a t e d .  Above t h i s  l i m i t i n g  po in t  
i t  should b e  impossible t o  d e t e c t  ordered wave motion of t h e  s p e c i f i e d  wavelength.  
Waves having a s p e c i f i e d  v e r t i c a l  wavelength may be  considered 
2.1 SPECIALIZATION OF THE BASIC EQUATIONS 
I n  analyzing g r a v i t y  wave phenomena between 60 km and 100 km, chemistry,  
hydromagnetic e f f e c t s ,  r a d i a t i o n  hea t  t r a n s f e r ,  and atmospheric  tu rbulence  
w i l l  b e  neglec ted ,  as i s  usua l .  Ro ta t ion  or  C o r i o l i s  e f f e c t s  and e a r t h  curva- 
t u r e  w i l l  a l s o  be neglec ted .  Of t h e s e  l a t t e r  two e f f e c t s ,  t h e  n e g l e c t  of r o t a -  
t i o n  appears  t o  impose t h e  most s e r i o u s  r e s t r i c t i o n .  Tols toy  (1967) i n d i c a t e s  
t h a t  a r o t a t i o n - f r e e  formula t ion  i s  only u s e f u l  i n  t h e  d e s c r i p t i o n  of wave 
phenomena having per iods  less than about  3 or  4 hours .  
A f t e r  t h e  neglec t  of t hese  e f f e c t s ,  t h e  b a s i c  equat ions  are: 
( t h e  momentum equat ions)  
+ - +  
0 . v  - -  - -  DRnp D t  
( t h e  c o n t i n u i t y  equat ion)  
( 4 )  
( t h e  energy equat ion)  
P = pRT 




These equa t ions  are i n  terms of t h e  v e c t o r  v e l o c i t y ,  V ,  t h e  p r e s s u r e ,  P ,  
t h e  d e n s i t y ,  p ,  t h e  temperature,  T ,  the  kinematic  v i s c o s i t y ,  v, t h e  s p e c i f i c  
h e a t  p e r  u n i t  m a s s  (at cons t an t  volume), 
R ,  and t h e  thermal  conduc t iv i ty ,  k. The n o t a t i o n  D / D t  denotes t h e  " s u b s t a n t i a l "  
o r  "material" d e r i v a t i v e .  
t h e  s p e c i f i c  gas  cons t an t  of a i r ,  
cV 
This  operator  i s  d e f i n e d  by 
~a + +  
- - - + V -  v 
D t  - n t  (7) 
Under c e r t a i n  c o n d i t i o n s  v i s c o s i t y  and thermal  conduc t iv i ty  can be impor- 
t a n t .  The n e g l e c t  of t h e s e  e f f e c t s  should b e  c a r e f u l l y  considered.  A scale 
a n a l y s i s  may b e  used t o  estimate t h e  r e l a t i v e  o r d e r s  of magnitude of v i s c o u s  
and thermal  conduction terms i n  t h e  b a s i c  equa t ions .  
Two r e l a t i o n s  which are h e l p f u l  i n  a scale a n a l y s i s  of equa t ions  (3) and 
(5) are 
R 
C y 1 + -  
V 
which i s  obtained from elementary thermodynamic c o n s i d e r a t i o n s  and 
k = f C  p v  
V 
from k i n e t i c  theory.  The f a c t o r  f i n  equa t ion  (9) may be given by 
(10) f = - 9 (y - 5/91 4 
f o r  non-polar gases  of moderate complexity such as 02, N2, C02, and CH4 (e.g. ,  
see O ' N e a l  and Brokaw (1962)).  
Equat ions (3) and (5) may be-non-dimensional ized w i t h  r e s p e c t  t o  a t y p i c a l  
p e r i o d ,  T, a t y p i c a l  h o r i z o n t a l  wavelength, Ax, and a t y p i c a l  ver t ica l  wave- 
l e n g t h ,  h Z .  
i t  w i l l  a l s o  be presumed t h a t  X < h . For t h i s  case comparison of t h e  magiii- 
t udes  of t e r m s  i n  equa t ions  (3) through (5) c l e a r l y  shows that v i scous  and 
Based on t h e  c h a r a c t e f i s t i c s  of wind d a t a  a t  t h e  s t a t e d  a l t i t u d e s ,  
Z X 
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thermal  conduction e f f e c t s  f i r s t  become s i g n i f i c a n t  when i t  i s  no longer  p o s s i b l e  
t o  s ta te  t h a t  
- << 1 
x 




4 Hines (1960) gives 10 seconds as t h e  per iod of a t y p i c a l  g r a v i t y  wave 
-2 2 between 80 k m  and 115 km. The kinematic  v i s c o s i t y ,  u, v a r i e s  from 10 m / s ec  
t o  1 m / s e c  between 60 km and 90 km. 
g ives  
2 
Thus between 80 and 90 km, cond i t ion  (11) 
2 4 2  X >> 10 m 
2 
2 8 2  However, Hines i n d i c a t e s  t h a t  ,A - 10 m s o  t h a t  i n e q u a l i t y  (12) is  s a t i s f i e d  
z 
and both v i s c o s i t y  and thermal  conduc t iv i ty  may be neglec ted  up t o  90 km, a t  
l eas t  . 
Sca le  a n a l y s i s  a l s o  demonstrates  t h e  importance of t h e  grouping A /U T 
x o  
where U is the background wind speed i n  t h e  x ,  o r  h o r i z o n t a l ,  d i r e c t i o n .  This  
grouping , sometimes c a l l e d  t h e  "St rouhal  number", i n d i c a t e s  t h e  r e l a t i v e  impor- 
tance  of t h e  t i m e -  ve r sus  the  space-der iva t ive  i n  t h e  ope ra to r  de f ined  by 
equat ion  ( 7 ) .  
t h e  form w/KxUo where K 
angular  frequency w i s  given by w 5 2 n I - r .  
0 
I n  subsequent work t h e  S t rouha l  number w i l l  g e n e r a l l y  appear  i n  
i s  t h e  h o r i z o n t a l  wave number, lKx l  E 2.rr/AX, and t h e  
. x  
2.2 LINEARIZATION OF THE BASIC EQUATIONS 
After neg lec t  of terms dependent on v i s c o s i t y  and thermal  conduc t iv i ty ,  
equa t ions  (3 )  through ( 6 )  may be l i n e a r i z e d  t o  produce a se t  of p e r t u r b a t i o n  
equat ions  and a ground s t a t e  equat ion .  The thermodynamic parameters, P ,  P ,  
and T are assumed t o  have t h e  fo l lowing  dependence upon x ,  y ,  z and t:  
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The v e l o c i t y  components are s i m i l a r l y  de f ined  
v v (2) + v ' ( x ,  y ,  2, t )  (17) 
0 
w 2 w'(x,  y ,  2, t )  (18) 
The coord ina te  system w i l l  b e  chosen so t h a t  t h e  x and y axes d e s c r i b e  
h o r i z o n t a l  wave propagat ion,  and the  p o s i t i v e  z d i r e c t i o n  corresponds t o  t h e  
d i r e c t i o n  of waves which propagate  v e r t i c a l l y  upward. F u r t h e r ,  t h e  coord ina te  
system w i l l  be  o r i e n t e d  so that a/ay E 0. 
The p e r t u r b a t i o n  equat ions  a r e  obta ined  from t h e  i n v i s c i d  and i s e n t r o p i c  
forms of equat ions  (3) through (6 ) .  They are der ived  by t h e  n e g l e c t  of terms 
con ta in ing  t h e  products  of primed q u a n t i t i e s .  These equa t ions  are: 
au* + -  au t  a t  + ' 0  ax dz -
(x-momentum equat ion)  
( y -momen tum equ a t i o n  ) 
(z-momentum equat ion)  
d Ilnp a u t  aw' 
dz ax az 
w ' + - + - -  - 0  0 
( c o n t i n u i t y  equat ion)  
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- 0 au 
dRnPo q e) + Uo &(E)+ -&- w '  + y - +  ax y - az - 
(energy equat ion)  
The parameter c2 i s  def ined  by 
The ground state equat ion  a s soc ia t ed  wi th  t h e s e  p e r t u r b a t i o n  equat ions  i s  
0 
dP 
d z  P o  
- =  - 
Equations (19) through (23) comprise a se t  of f i v e  s imultaneous equat ions  
The v a r i a b l e ,  v ' ,  i s  only i n  t h e  f i v e  v a r i a b l e s  u ' ,  v ' ,  w ' ,  p ' / P o ,  and p ' / p , .  
involved i n  equat ion (20) ;  t h e r e f o r e ,  t h i s  equat ion  may be  dropped, l eav ing  a 
set  of f o u r  equat ions.  The component of background wind, V which i s  d i r e c t e d  
ac ross  the  wavefront,  only occurs  i n  t h e  omi t ted  equat ion  s o  t h a t  i t  cannot 
a f f e c t  wave propagat ion c h a r a c t e r i s t i c s .  
0' 
Following Hines (1960),  a s o l u t i o n  i s  now sought  t o  t h e  f o u r  remaining 
p e r t u r b a t i o n  equat ions  of t h e  form, 
p t = P ( = u 1 = w ( =  exp[ i (wt  - Kxx - KZz)] 
P P  x 
POQ 0 
where Kx and w a r e  presumed t o  be p o s i t i v e ,  r ea l  cons t an t s  and K Z is a complex 
cons t an t .  The parameters  Q ,  P ,  X and Z are p r o p o r t i o n a l i t y  cons t an t s .  
S u b s t i t u t i o n  of equat ions  (26) i n t o  equa t ions  (191, (21) , (22)s and (23) . 
r e s u l t s  i n  the fo l lowing  matrix equa t ion  
2-6 
The parameter R which appears  
wave observed from a frame of 
i n  system (27) i s  t h e  angu la r  frequency of t h e  
r e fe rence  moving wi th  t h e  background v e l o c i t y ,  Uo. 
J u s t i f i c a t i o n  f o r  t h i s  statement w i l l  b e  provided i n  a later s e c t i o n .  The 
frequency 52 i s  def ined by 
The parameter G r e p r e s e n t s  a convenient grouping. This  grouping is  de f ined  
by 
To o b t a i n  a n o n - t r i v i a l  s o l u t i o n  of system (27) t h e  determinant  of t h e  
four-by-four ma t r ix  must equa l  
KZ y i e l d s  
K z = i Z ( c 2 + F ) -  1 E dRnR +
zero.  Solving t h i s  determinant  equa t ion  f o r  
S e v e r a l  new parameters  are introduced i n  equa t ion  (30). These are 
dRnTo 
d z  
0 E g -  
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a frequency w which is  termed t h e  a c o u s t i c  cut-off f requency,  where a 
Z x 5  
a 2c w -  
and a frequency w termed t h e  Brunt-VkszfA frequency,  where 
g 
(33) 
Equation (30) is seen t o  c o n s i s t  of an imaginary term and a term which is  
e i t h e r  r ea l ,  imaginary, o r  zero .  The phys ica l  s i g n i f i c a n c e  of t hese  terms, 
and of t he  f requencies  w and w i s  more ev iden t  i f  equa t ion  (30) is s p e c i a l -  
i z e d  t o  t h e  case i n  which t h e r e  are no background winds or mean t e m p e r a t u r e  
g r a d i e n t s .  I n  t h i s  case  
a g 







K Z =  i--f 
Figure  2-1 is a graph obta ined  by equat ing  t h e  second term on t h e  r i g h t  i n  
equat ion  (34) t o  zero.  The curves i n  t h e  w, K p lane  separate two regimes,  
w i t h i n  which K 
K is  pure ly  imaginary and only h o r i z o n t a l  wave propagat ion is p o s s i b l e .  
I 
X 











Figure 2-1. WAVE REGIMES I N  THE - Kx PLANE FOR AN "ISOTHERMAL" ATMOSPHERE 
LACKING BACKGROUND WINDS 
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. 
The i w a / c  
k i n e t i c  energy,  
term i n  equat ion  (34) has  s i g n i f i c a n c e  i n  terms of t h e  wave 
Ek ' which may be  def ined  by 
Equation (25) f o r  t h e  ground state,  toge the r  w i th  equat ions  (26) f o r  u1  and w ' ,  
then permi ts  equat ion  (35) t o  be reduced t o  t h e  form 
Thus, waves propagate  wi th  cons tan t  k i n e t i c  energy,  bu t  va ry  i n  ampli tude,  when 
t h e  imaginary p a r t  of K 
cond i t ion  is  only s a t i s f i e d  i n  a "windless" atmosphere having a cons t an t  mean 
tempera ture .  
equa ls  i w  /c  for t h e  g r a v i t y  or a c o u s t i c  cases .  This 
z a .  
A d i s p e r s i o n  r e l a t i o n  f o r  e i t h e r  g r a v i t y  or a c o u s t i c  w a v e s  t h a t  i nc ludes  
t h e  e f f e c t s  of wind shea r  and temperature  g r a d i e n t s  is obta ined  by equat ing  k 
t o  t h e  real p a r t  of K i n  equat ion  (30). The parameter k is ,  of course ,  a 
cons t an t  s i n c e  K has  been des igna ted  a complex cons t an t  i n  t h e  formula t ion  of 
t h e  problem. 
z 
z .  z 
z 
The r e s u l t i n g  d i s p e r s i o n  r e l a t i o n  is 
2 2  2 2 
Q4 - Q2 [c (K + kz) + wa 
X 
F u r t h e r ,  i t  is convenient to  d e f i n e  an a m p l i f i c a t i o n  or a t t e n u a t i o n  f a c t o r ,  
llz, which is  t h e  imaginary p a r t  of KZ and is  a l s o  a cons t an t  by precondi t ion .  
That is, 
2-9 
According t o  equat ion  (30) ,  R, R k and t h e  r a t i o s  Q:P:X:Z must b e  con- 
z' z 
s t a n t  f o r  KZ to  b e  a complex cons t an t .  
which equat ion  (26)  provides  a v a l i d  model of g r a v i t y  wave processes .  
l i m i t a t i o n  w i l l  b e  considered i n  more d e t a i l  i n  subsec t ion  3.2 
This  l i m i t s  t h e  r ange  of parameters  over  
This  
From equat ion  (26) v a r i a t i o n s  i n  wind speed and d e n s i t y  are seen  t o  be  
r e l a t e d  by 
(39 )  
By us ing  t h r e e  of t h e  equa t ions  i n  system (27) i t  is  p o s s i b l e  t o  s o l v e  
f o r  P / X ,  Z / X ,  and Q/X. These t h r e e  equa t ions  may be  r ep resen ted  by t h e  
ma t r ix  equat ion  






Equat ions (26) ,  (37 ) ,  and (41) w i l l  be  used  t o  deve lop  an expres s ion  
r e l a t i n g  dens i ty  and v e l o c i t y  v a r i a t i o n s  f o r  low frequency g r a v i t y  waves i n  
t h e  presence of a background wind s h e a r .  
Subsequently,  t h e  d i s p e r s i o n  r e l a t i o n  and equa t ion  (41) w i l l  be  s p e c i a l -  
i z e d  by t h e  neg lec t  of terms having r e l a t i v e l y  s m a l l  magnitudes.  The r e s u l t  
2-10 
1 
of t h i s  process w i l l  b e  an asymptotic form of equation ( 3 9 ) ,  which w i l l  apply 
when the square of the frequency i n  the wind system, R , is  s m a l l  compared t o  2 
2 
f4 






AN EXPRESSION RELATING DENSITY AND VELOCITY VARIATIONS 
A t  t h i s  p o i n t  i t  is p o s s i b l e  t o  combine equa t ions  (37), ( 3 9 ) ,  and (41) 
t o  produce an expres s ion  r e l a t i n g  d e n s i t y  v a r i a t i o n s  t o  v a r i a t i o n s  i n  t h e  
h o r i z o n t a l  component of t h e  wind v e l o c i t y .  However, t h e  r e s u l t i n g  expres s ion  
would apply f o r  both g r a v i t y  and a c o u s t i c  w a v e s .  
and hence more complex, t han  is  necessary.  
Thus i t  would be more g e n e r a l ,  
By making c a r e f u l  approximations based upon t h e  r e l a t i v e  o r d e r s  of magni- 
tude of terms i n  equa t ions  (37) and ( 4 0 ) ,  t h e  form of t h e  d e s i r e d  expres s ion  
can be s i m p l i f i e d .  The o r d e r s  of magnitude of t h e  terms i n  t h e s e  equa t ions  
w i l l  be based h e r e  on t h e  t y p i c a l  values f o r  t h e  t i m e  and space scales of a 
g r a v i t y  wave given by Hines (1960). With t h e s e  va lues  t h e  square of t h e  ho r i -  
z o n t a l  wave number K2 
wave number, k2 is on t h e  o r d e r  of 10 m . The angular  frequency, w, is  
seen  t o  be on t h e  o r d e r  of sec . Also, f o r  a speed of sound squared,  c , 
i s  on t h e  o rde r  of m’2 and t h e  square of t h e  ve r t i ca l  
X’ -6 -2 
2 2’ -1 
5 2  2 on t h e  o r d e r  of 10 m /sec , t h e  
and t h e  Brunt-Vaisala frequency , 
It t h e r e f o r e  is clear t h a t  
2 
a’ squares  of t h e  a c o u s t i c  cut-off frequency, w 
w2 must be on t h e  o rde r  of sec . -2 
g’ 
I n  a d d i t i o n  t o  t h i s ,  i t  i s  assumed t h a t  f r equenc ie s  measured from a flrame of 
r e f e r e n c e  moving w i t h  t h e  wind are low compared t o  t h e  Brunt-Vaisala frequency. 
That i s ,  
.. .. .. 
. 
This  approximation is t h e  “windy-atmosphere” equ iva len t  t o  t h e  i n e q u a l i t y  used 
by Hines (1960) i n  h i s  t r ea tmen t  of a q u i e s c e n t  atmosphere. I n e q u a l i t y  ( 4 3 )  
r educes  t o  t h e  i n e q u a l i t y  of Hines,  w2 << w2 
winds. 
i n  t h e  absence of background 
g’ 
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A f u r t h e r  approximation i s  based upon d a t a  of Rosenberg (1968) f o r  a l t i -  
tudes between 80 km and 100 km. These d a t a  sugges t  t h a t  v a l u e s  f o r  t h e  back- 
2 
ground wind, 
wind s h e a r ,  dU /dz,  are on t h e  o rde r  of 10 sec . For t h e s e  o rde r s  of magni- 
tude  i t  fo l lows  t h a t  




( 4 4 )  
3.1 AN ASYMPTOTIC LIMIT 
Neglect  of r e l a t i v e l y  small terms i n  t h e  d i s p e r s i o n  r e l a t i o n ,  equat ion  
(38) , g ives  t h e  express ion  
The p l u s  o r  minus s i g n  on t h e  r i g h t  i n  t h i s  equat ion  i n d i c a t e s  t h a t  
Rk /K may t a k e  on e i t h e r  p o s i t i v e  o r  n e g a t i v e  v a l u e s .  When U equals  ze ro ,  
t h e s e  s i g n s  simply i n d i c a t e  t h a t  t h e  wave may propagate  e i t h e r  upward o r  down- 
ward f o r  any given h o r i z o n t a l  d i r e c t i o n  of propagat ion .  
o r  nega t ive  r e l a t i v e  t o  Kx.) 
( 4 5 ) ,  wind i s  s i g n i f i c a n t .  Here, t h e  parameter R may a l s o  be p o s i t i v e  o r  
nega t ive  depending on whether o r  n o t  t h e  h o r i z o n t a l  phase v e l o c i t y ,  w / K x ,  
exceeds t h e  wind speed,  Uo, i n  t h e  h o r i z o n t a l  d i r e c t i o n  of wave propagat ion .  
z x  0 
(kz may be p o s i t i v e  
For  t h e  more g e n e r a l  case, desc r ibed  by equa t ion  
It i s  convenient f o r  subsequent d i s c u s s i o n  t o  d e f i n e  a Richardson’s  
number, R i ,  based on equat ion  ( 4 5 ) .  Thus, 
4 
When R i  < 1 / 4 ,  t h e  grouping Rk /K must be imaginary.  There are two p o s s i b l e  
ways t h a t  t h i s  can occur .  
real. I n  t h i s  case  equat ion  ( 4 5 )  desc r ibes  evanescent  waves which c h a r a c t e r i s -  
t i c a l l y  do not propagate  i n  a v e r t i c a l  d i r e c t i o n .  
z x  
One p o s s i b i l i t y  is t h a t  kZ i s  imaginary and R i s  





/ -  
I .  
2 2 j u s t i f i e d  f u r t h e r ,  for 12 << w by reviewing equat ion  (30 )  and the d i scuss ion  
fo l lowing  t h a t  equat ion . )  The a l t e r n a t i v e ,  f o r  an imaginary va lue  of !ik, / K  
is  t h a t  kZ be real and Sl b e  imaginary. 
p e r t u r b a t i o n  terms (equat ion  (26))  vary i n  an exponential manner wi th  t i m e .  
The f l u i d  medium i s  thus  s a i d  t o  be  uns t ab le  under pe r tu rba t ion .  It i s  a l s o  
p o s s i b l e  f o r  both R and kZ t o  b e  imaginary wh i l e  t h e  Richardson number satis- 
f i e s  t h e  i n e q u a l i t y ,  Ri > 1/4.  
g '  
4 x '  
In t h i s  c a s e ,  the m p l i L t ~ c l e  o f  the 
The "cr i t ica l  layers"  of Bre ther ton  (1966) and Booker and b re the r ton  (1967) 
occur  when R i  = 1/4.  
component of the phase v e l o c i t y ,  w/Kx,  are i n  t h e  same d i r e c t i o n  and are equal .  
It  f o l l o w s  from equat ion  (45) t h a t  R i  = 1 / 4  corresponds t o  ze ro  i n  the  f r e -  
quency, R ,  which i s  observed from a coord ina te  system moving wi th  t h e  wind. 
The frequency R i s  def ined  by equat ion  (28) i n  such a manner t h a t  i t  equals  
ze ro  when w/Kx = U . It has  been noted by Booker and Bre ther ton  (1967) and 
Hines (1970) t h a t  t h e s e  c r i t i c a l  l a y e r s  correspond t o  r eg ions  of t h e  atmosphere 
w i t h i n  which momentum is p r e f e r e n t i a l l y  t r a n s f e r r e d  between t h e  i n t e r n a l  g r a v i t y  
waves and the background wind - 
In t h i s  case the horizontal .  wind, Uo, and t h e  h o r i z o n t a l  
0 
The n e g l e c t  of r e l a t i v e l y  s m a l l  terms i n  equat ion  (41) g ives  an express ion  
f o r  Q/X which i s  v a l i d  i n  t h e  same asymptotic l i m i t  as equat ion  (45) .  
t h i s  asymptot ic  form f o r  equat ion  (41) wi th  equat ion  (45) g ives  
Combining 
The r e l a t i o n  between d e n s i t y  and v e l o c i t y  v a r i a t i o n s  i n  an atmosphere 
having wind shea r  and temperature  g rad ien t s  is  determined by combining cquat ions 
(39) and (47).  Thus, 
- 




Equat ion ( 4 8 )  i s  t h e  p r i n c i p a l  r e s u l t  of t h i s  r e p o r t .  A s  t h e  wind s h e a r  
and temperature  g r a d i e n t  approach ze ro ,  t h e  r e l a t i o n  obta ined  by Hines (1960) 
i s  approached. That i s ,  
A t  c r i t i c a l  l a y e r s ,  where R i  = 114,  equa t ion  ( 4 8 )  reduces  t o  
. 
3.2 BACKGROUND WIND SPEED AND MEAN TEMPERATURE 
According t o  equat ions  (27) and ( 3 0 ) ,  t h e  parameters  R ,  R Z  and k and t h e  
Z 
r a t i o s  Q:P:Z:X must b e  cons t an t  i n  o rde r  f o r  K 
equat ion  (26) r e p r e s e n t s  a v a l i d  g r a v i t y  wave model on ly  i f  one cons ide r s  t hose  
mean temperature  and and background wind speed p r o f i l e s  which p rese rve  t h e  z- 
independence of R k and of t h e  r a t i o s  Q:P:Z:X. This  subsec t ion  i s  concerned 
wi th  demonstrat ing t h e  cond i t ions  under  which a s e t  of l i n e a r l y  a l t i t u d e -  
dependent p r o f i l e s  can p rese rve  t h e  z-independence of R k and of t h e  r a t i o s  z' z 
Q:P:Z:X. 
t o  b e  a complex cons t an t .  Thus, 
2 
z '  z 
I n  summary i t  may be  noted t h a t  
R i a - K U  x o  
and f 
where w and K a r e  assumed t o  b e  cons t an t .  
X 
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Also, t h e  a p p l i c a t i o n  of Cramer's r u l e  t o  system (40) provides  expres s ions  
f o r  A y  PA/X, QA/X, and ZA/X which may b e  used t o  demonstrate t h e  z-independence 
of t h e  r a t i o s  Q:P:Z:X. These are: 
(3) (2 - Zo) 
2 
A z R 2 - R [ c  2 (k + i R  ) ( k  + i R  - q) + $1 
2 z 2 2  
C 






QA/X = Kx[Q - - (k + i R Z  - 2 i c  
g 2 C C 
(57) 
I n s p e c t i o n  or s u b s t i t u t i o n  w i l l  demonstrate t h a t  t h e  q u a n t i t i e s  on t h e  
l e f t  i n  equa t ions  (51) through (57) are cons t an t  f o r  t h e  l i n e a r  p r o f i l e s .  
p r ov i ded t h a t  both of t h e  a u x i l i a r y  cond-Lions 
are s a t i s f i e d .  Conditions (60) are t h e r e f o r e  t h e  d e s i r e d  cond i t ions  under which 
a set  of l i n e a r l y  a l t i tude-dependent  p r o f i l e s  ( equa t ions  (58) and (59))  p r e s e r v e  
t h e  z-independence of RZy k 
a v a l i d  g r a v i t y  wave model f o r  t h e  background p r o f i l e s  (58) and (59) provided 
t h a t  c o n d i t i o n s  (60) are s a t i s f i e d .  
and of t h e  r a t i o s  Q:P:Z:X. Equations (26) r e p r e s e n t  
2 
Under cond i t ions  (60 ) ,  equat ions (58) and (59) may b e  used t o g e t h e r  w i th  
e q u a t i o n  (48) and wind d a t a  t o  e s t ima te  d e n s i t y  v a r i a t i o n s .  Equations (58) 
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and (59) may be of v a l u e  i n  propagat ion  ana lyses  where ( z  - z ) may b e  con- 
s i d e r e d  t o  b e  the  th i ckness  of an atmospheric  l a y e r .  I n  t h i s  case, cond i t ions  
(60) may be  used t o  s p e c i f y  t h e  th i ckness  of a l a y e r .  Both of t h e s e  cond i t ions  
must be  s a t i s f i e d  on a layer-by-layer b a s i s  f o r  a g iven  s e t  of ground s t a t e  
p r o f i l e s .  I n  another  sense, cond i t ions  (60) may b e  used  t o  d e f i n e  a r eg ion  
w i t h i n  which a p a r t i c u l a r  d e n s i t y - v a r i a t i o n  estimate is  v a l i d ,  Th i s  i s  p o s s i b l e  
f o r  background wind and temperature  p r o f i l e s  which are approximated i n  t h e  
v i c i n i t y  of z by a l i n e a r  a l t i t u d e  dependence. 
0 
0 
3.3 ATTENUATION OR AMPLIFICATION OF GRAVITY WAVES 
When t h e  r e a l  and imaginary p a r t s  of K are s u b s t i t u t e d  i n t o  equat ion  ( 2 6 )  z 
t h e  r e s u l t i n g  express ion  i s  of t h e  form 
!2 z i ( w t  - K X -  k z )  
u’  w ’  z X z P ) = - - - - - -    - e  e P ’  P P  x z 
POQ 0 
The cons t an t  R t h e r e f o r e  d e s c r i b e s  t h e  a m p l i f i c a t i o n  o r  a t t e n u a t i o n  of t h e  
p e r t u r b a t i o n  q u a n t i t i e s  which appear i n  equa t ion  (61) . 
z 
Expressing equat ion  (38)  i n  terms of t h e  ground s t a t e  p r o f i l e s ,  To = To(z) 
L 4 
The magnitude and s i g n  of R a t  t h e  p o i n t  z may be  e s t a b l i s h e d  from equa t ion  
( 6 2 ) .  C r i t e r i a  f o r  s p e c i f y i n g  t h e  neighborhood of z w i t h i n  which R i s  
p r a c t i c a l l y  cons tan t  are g iven  i n  t h e  p rev ious  subsec t ion .  
z 0 
0 Z 
A t  a c r i t i c a l  p o i n t  R must be  i n f i n i t e  i n  magnitude and must depend i n  
z 
s i g n  on t h e  s i g n  of dU /dz .  A s  mentioned i n  s u b s e c t i o n  3 . 1  t h e s e  c r i t i c a l  
l a y e r s  have been found t o  correspond t o  r e g i o n s  of t h e  atmosphere w i t h i n  which 
momentum is p r e f e r e n t i a l l y  t r a n s f e r r e d  between i n t e r n a l  g r a v i t y  waves and t h e  
background wind, These l a y e r s  are t h e r e f o r e  r e g i o n s  w i t h i n  which t h e  assump- 
t i o n s  of t h i s  pe r tu rba t ion  a n a l y s i s  break down. 
0 
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THE PHYSICAL INTERPRETATION OF RESULTS 
This  s e c t i o n  is intended t o  j u s t i f y ,  and perhaps c l a r i f y ,  t h e  p h y s i c a l  
s i g n i f i c a n c e  a t t a c h e d  t o  c e r t a i n  parameters i n  t h i s  a n a l y s i s .  I n t e r r e l a t i o n s  
between parameters are a l s o  discussed.  A G a l i l e a n  t r ans fo rma t ion  r e l a t i n g  a 
coord ina te  system moving wi th  wind speed, Uo, t o  a rest o r  l a b o r a t o r y  system 
is  used t o  c l a r i f y  t h e  r e l a t i o n s h i p  between R and w. Information i s  a l s o  
ob ta ined  from graphs i n  t h e  R/w - w/K U 
t o t i c  d i s p e r s i o n  r e l a t i o n  and t h e  d e f i n i t i o n  of R .  I n  a d d i t i o n  t o  t h i s ,  t h e  
r e s u l t s  of Sec t ion  I11 are used i n  making an estimate of t h e  magnitude of 
d e n s i t y  v a r i a t i o n s  a s s o c i a t e d  wi th  p a r t i c u l a r  sets of wind d a t a .  
p l ane ,  which are based on t h e  asymp- x o  
4.1 THE PHYSICAL SIGNIFICANCE OF i2 
In previous d i s c u s s i o n ,  t h e  parameter R h a s  been i n t e r p r e t e d  as t h e  
"frequency i n  a frame of r e f e r e n c e  moving wi th  t h e  wind speed 
s t a t e m e n t  can b e  j u s t i f i e d  by a s i m p l e  Ga l i l ean  t ransformation.  
U ". This  
0 
The spa'ce and t i m e  p e r i o d i c i t y  of g r a v i t y  waves i s  desc r ibed  by t h e  f a c t o r  
i ( w t  - K x - 
X e 
Suppose another coord ina te  system i s  d e f i n e d  which move$ wi th  the  mean wind 
v e l o c i t y  Uo(z) , f o r  any given z .  
t h e  f i x e d  and moving systems is, t h e r e f o r e ,  
The G a l i l e a n  t r ans fo rma t ion  t h a t  relates 
I x = x '  + U o t '  z = 2' t = t '  
where t h e  primed coord ina te s  l o c a t e  p o s i t i o n s  and t i m e s  w i th  r e s p e c t  t o  t h e  
moving system. S u b s t i t u t i o n  i n t o  equat ion ( 6 3 )  from equat ion (28) followed 
by use of equa t ions  ( 6 4 )  shows t h a t  
i ( w t  - K x - kZz)  i ( R t '  - K x'  - k Z z ' )  
X X 
e = e  
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Thus, t h e  amplitude of t he  p e r i o d i c i t y  remains unchanged under t ranscormation 
and only t h e  f requencies  change. It i s  c l e a r  from equat ion  ( 6 5 )  and t r a n s f o r -  
mation ( 6 4 )  t h a t  R i s  t h e  frequency of a g r a v i t y  wave i n  a coord ina te  s y s t e m  
moving wi th  t h e  background wind v e l o c i t y  U . 
0 
4.2 A GRAPHICAL METHOD OF SHOWING PARAMETRIC RELATIONSHIPS 
This  subsec t ion  is devoted t o  developing a method f o r  showing the  con- . 
s t r a i n t s  imposed by the  asymptot ic  d i s p e r s i o n  r e l a t i o n  upon t h e  parameters  i n  
equat ion  (28). 
plane .  
These paramet r ic  c o n s t r a i n t s  are b e s t  shown i n  t h e  L?/w - w/KxUo 
Equation (28), which de f ines  R ,  may be  w r i t t e n  i n  t h e  form 
- =  R 1 - (&)-I 
w 
which i s  convenient ly  p l o t t e d  i n  t h e  R/w - w / K  U plane .  x o  
Furthermore,  t h e  d i s p e r s i o n  r e l a t i o n  f o r  low frequency g r a v i t y  waves i n  
an atmosphere wi th  a cons t an t  mean temperature  i s  given by 
where, f o r  t h i s  "isothermall '  case 
2 -
R i  E ug 
Since  evanescent waves are of primary concern h e r e ,  i t  w i l l  be presumed t h a t  
k2 > 0 .  
nega t ive ,  t h a t  









Conditions ( 6 9 ) ,  which are der ived from t h e  d i s p e r s i o n  r e l a t i o n  (equat ion (67)) 
f o r  cons t an t  mean temperature ,  de f ine  two l i m i t i n g  cases. Furthermore,  i t  i s  
p o s s i b l e  f o r  cond i t ions  (69) t o  b e  w r i t t e n  i n  forms which al low them t o  be 
convenient ly  i n t e r p r e t e d  i n  t e r m s  of t h e  Q/w - w / K  U plane.  These forms are x o  
and 
(1 -:)[E- 1 +  2 ( 4  + 9-11 - < 0 
KxUo 
Reference t o  equa t ions  (67) and (68) w i l l  v e r i f y  t h a t  cond i t ion  (70)  d e f i n e s  
t h e  p o r t i o n s  of t h e  Q/w - w/K U 
non-zero. I n  a d d i t i o n ,  cons ide ra t ion  of t h e s e  same equa t ions  v e r i f i e s  t h a t ,  
when kZ is  g r e a t e r  than ze ro ,  equat ion (71)  d e f i n e s  p o r t i o n s  of t h e  
Q/w - w / K  U 
plane f o r  which t h e  wind-shear, aUo/az, is 
x o  
2 
p lane  f o r  which low-frequency g r a v i t y  waves are s t a b l e .  x o  
F i g u r e s  4-la and 4-lb are simply a g r a p h i c a l  r e p r e s e n t a t i o n  of t h e  con- 
s t r a i n t s  imposed upon equa t ion  (66) by cond i t ions  (70) and (71).  Thus, 
s t a b i l i t y  and non-zero shea r  cond i t ions  de r ived  from t h e  d i s p e r s i o n  equat ion 
are used t o  q u a l i f y  equa t ion  (66). Equation (66) is nothing more than t h e  
parametric r e l a t i o n s h i p  a s s o c i a t e d  with t h e  Doppler e f fec t  . 
The e q u a l i t y  i n  equa t ion  (71) d e f i n e s  t h e  boundary of t h e  s t a b l e  regime. 
S i m i l a r l y ,  t h e  e q u a l i t y  i n  equat ion (70) r e s u l t s  i n  fou r  hyperbolas i n  t h e  
Q / w  - w/KxUo p l ane  which have t h e  Q/w and w/KxUo axes as asymptotes. 
d i f f e r e n t  set of hyperbolas  is found f o r  each v a l u e  of ( w  /kzUo) . 
between a p a r t i c u l a r  set of hyperbolas and t h e  axes corresponds t o  t h e  r eg ion  
w i t h i n  which wind s h e a r ,  a U  / az ,  must  be  non-zero. 
t h e  boundary of a ( w  /kZUo)2 dependent regime. 
A 
2 The r eg ion  
g 













The curves ,  i n  t h e  Q / w  - w/K U p lane ,  a s soc ia t ed  wi th  equat ion  (66) are 
Tlle 
x o  
two hyperbolas  having t h e  Sl /w a x i s  and the  l i n e ,  i 2 /w = 1, as asymptotes.  
hyperbolas l i e  i n  t h e  p o r t i o n s  of tlie i l / w  - w / K  U plane  corresponding t o  
Q / w  > 1, w / K  U 
x o  
< 0 ,  and t o  Q / w  - < 1, w/KxUo - > 0.  x 0 -  - 
Two p o i n t s  on t h e  curves  def ined by equat ion  (66) should be  noted.  I n  
t h e  absence of wind, p o i n t s  i n  t h e  Q / w  - w/KxUo plane c o l l a p s e  t o  t h e  p o i n t  
a t  ( Q / w  = 1, w/K U = -1. Another important  p o i n t  corresponds t o  t h e  c r i t i c a l  
l a y e r  and has  t h e  coord ina te s ,  (Q /w  = 0 ,  w / K  U = 1). It is  i n t e r e s t i n g  t h a t  
t h i s  la t ter  poin t  i s  ' ' j u s t  s t ab le" .  That i s ,  i t  s a t i s f i e s  t h e  e q u a l i t y  i n  
t h e  s t a b i l i t y  condi t ion ,  Q / w  - < 1 - 2 ( - f 2  + I)-'. A t  no o t h e r  p o i n t  i n  t h e s e  
K U  
f i g u r e s  does the  locus of p o i n t s  given by equat ion  (66) appear t o  approach t h e  
boundary of t h e  s t a b i l i t y  regime. 
x o  
x o  
x o  
To improve comprehension of F igu res  4-la and 4-lb,  t h e  phys ica l  meaning 
a s s o c i a t e d  wi th  d i f f e r e n t  p o r t i o n s  of t h e  Q / w  - w/K U p lane  can be  considered.  
The p o r t i o n  of t h i s  plane f o r  which w / K  U > 0 corresponds t o  phys i ca l  s i t u a -  
t i o n s  i n  which the h o r i z o n t a l  component of t h e  phase v e l o c i t y  and t h e  wind a r e  
i n  t h e  same d i r e c t i o n .  
corresponds t o  cases  i n  which t h e  wind opposes t h e  h o r i z o n t a l  component of t h e  
phase v e l o c i t y .  
x o  
x o  
I n  c o n t r a s t ,  t h e  ha l f -p lane  f o r  which w/KxUo < 0 
S i m i l a r l y ,  t h e  ha l f  of the  Q / w  - w/K U p l ane  f o r  which Q l w  > 0 corresponds x o  
t o  phys i ca l  s i t u a t i o n s  i n  which t i m e  sequences,  which are measured both  i n  t h e  
wind coord ina te  system and i n  t h e  rest coord ina te  system, e x h i b i t  t h e  same 
order ing .  I n  c o n t r a s t  t o  t h i s ,  p o i n t s  i n  t h e  h a l f  p l ane  f o r  which Q / w  < 0 
have i n  common a phys ica l  s i t u a t i o n  i n  which t h e  time-sequences measured from 
t h e  two coord ina te  systems are oppos i t e  i n  o r d e r .  
The l a t te r  case ,  i n  which t h e  t i m e  sequences are o p p o s i t e l y  ordered ,  on ly  
occurs  when t h e  wind is  i n  t h e  same d i r e c t i o n  as t h e  h o r i z o n t a l  component of 
t h e  phase v e l o c i t y .  I n  f a c t ,  i t  i s  r e s t r i c t e d  t o  v a l u e s  of w/KxUo which l i e  
between u n i t y  and zero .  
i n  t h e  d i r e c t i o n  of h o r i z o n t a l  propagat ion exceeds t h e  phase v e l o c i t y  i n  t h a t  
A simple ske tch  i l l u s t r a t e s  t h a t ,  when t h e  wind speed 
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d i r e c t i o n ,  t h e  time-sequence i n  t h e  r e s t  system w i l l  become e x a c t l y  t h e  
r e v e r s e  of t h e  time-sequence of measured even t s  f o r  the wind system. When 
t h e  s p e c i f i e d  wind speed i s  less than t h e  h o r i z o n t a l  phase v e l o c i t y  component, 
t h e  same time-ordering of events  is measured i n  both  systems. 
Nominal v a l u e s  f o r  t h e  h o r i z o n t a l  component of t h e  phase v e l o c i t y ,  from 
L Hines (1960) ,  sugges t  t h a t  lOm/sec < w/K, < 10 m/sec a t  a l t i t u d e s  between 80 
km and 100 km. Data of Rosenberg (1968) f o r  t h e  80 km t o  100 km region  sugges t  
t h a t  mean wind speeds on t h e  o rde r  of 10 m/sec are no t  unusual.  Thus, both 
p o s i t i v e  and nega t ive  v a l u e s  f o r  Q / w  may indeed occur f o r  t h e  60 km t o  100 km 
a l t i t u d e  range. 
2 
When t h e  wind opposes t h e  h o r i z o n t a l  phase-veloci ty  component 
(w/KxUo < 0) ,  t h e  frequency measured i n  t h e  rest system is  always less t h a n  
t h a t  measured i n  t h e  wind system. 
w/KxUo approaches a l a r g e  n e g a t i v e  va lue .  
These two frequen.cies become equal  as 
An i n t e r e s t i n g  conclusion r e s u l t s  from t h e  t r e n d s  seen  i n  F igu re  4-lb. 
This  f i g u r e  shows that: when U is i n  t h e  d i r e c t i o n  of h o r i z o n t a l  wave propa- 
g a t i o n ,  only t h e  reg ion  i n  t h e  v i c i n i t y  of a c r i t i c a l  p o i n t  may s imul taneous ly  
e x h i b i t  a high wind speed,  Uo; wind s h e a r ,  aUo/az; and a s h o r t  v e r t i c a l  wave- 
l e n g t h ,  X,. 
corresponds to a critical l a y e r  f o r  g r a v i t y  waves w i t h  t h e  h o r i z o n t a l  component 
of phase v e l o c i t y  i n  t h e  same d i r e c t i o n  as t h e  j e t  and wi th  r e l a t i v e l y  s h o r t  
v e r t i c a l  wavelengths.  
0 
This  sugges t s  t h a t  " j e t - l i ke"  motion i n  t h e  atmosphere only 
4.3 THE MAGNITUDE OF DENSITY VARIATIONS AT METEOR HEIGHTS 
This subsec t ion  p r e s e n t s  examples of how equat ion  (48) may be used to 
estimate magnitudes f o r  p ' / p  
tude of p ' / p o  t o  be given  by 





1 / 2  
Wrn 
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A s  d i scussed  i n  t h e  Appendix, equat ion  (72) probably p rov ides  t h e  b e s t  
estimate of g r a v i t y  wave d e n s i t y  v a r i a t i o n s  when app l i ed  t o  an  ensemble average 
such as t h a t  of Rosenberg (1968). By s t a t i s t i c a l l y  ana lyz ing  70 m i d l a t i t u d e  
wind p r o f i l e s  between 90 and 150 km, Rosenberg shows t h a t  r . m . s .  wind speeds 
range from 45 m/sec t o  70 m/sec. 
g ives  a v a l u e  f o r  t h e  mean temperature  of 180.65'K. 
a t  t h i s  a l t i t u d e  is  0.75 x 10-30K/m so t h a t  t h e  tempera ture  g r a d i e n t  term i n  
equat ion  (72) i s  on t h e  o rde r  of p l u s  0.42 x (sec/m) . The speed of sound 
is  about 270 m/sec so  t h a t  f o r  t h e s e  v a l u e s  equat ion  (72) becomes, 
A t  90 km t h e  U .  S. Standard Atmosphere (1962) 
The tempera ture  g r a d i e n t  
2 
Using t h e  r . m . s .  v a lues  f o r  ( u ' )  from Rosenberg (1968),  shows t h a t  
m '  
- 0 . 1 1  - 0.17 - 0 '  
P O  m 







This  r e p o r t  g i v e s  a b r i e f  review of g r a v i t y  wave theory.  A method i s  
a l s o  developed f o r  determining t h e  dens i ty  v a r i a t i o n s  from observed wind speed 
p r o f i l e s  between 60 km and 100 km. The p r i n c i p a l  r e s u l t  i s  t h a t  t h e  magnitude 
of d e n s i t y  v a r i a t i o n  is  independent of t h e  background wind speed and background 
wind s h e a r  under t h e  approximations o u t l i n e d  i n  S e c t i o n  111. However, t h i s  
magnitude may depend upon t h e  r a t i o  of t h e  mean temperature ,  To, t o  t h e  mean 
temperature  g r a d i e n t ,  3To/3z. 
An a n a l y s i s  of t h e  averaging techniques (see t h e  Appendix) sugges t s  t h a t  
unacceptably l a r g e  a l t i t u d e  ranges are involved i n  determining t h e  mean tempera- 
t u r e  or  background wind speed from i n d i v i d u a l  p r o f i l e s  of t h e  form 
5 = S(xo, z ,  to). 
e s t i m a t i n g  t h e s e  background o r  mean va lues .  A r e p r e s e n t a t i v e  set of wind speed 
v a l u e s  have been ob ta ined  by Rosenberg (1968) by t h e  s ta t i s t ica l  a n a l y s i s  of 
70 m i d l a t i t u d e  wind p r o f i l e s  between 90 km and 150 km sugges t  t h a t  g r a v i t y  
wave d e n s i t ?  v a r i a t i o n s  may b e  on t h e  o rde r  of 10 t o  20 pe rcen t  of t h e  l o c a l  
mean d e n s i t y .  
Ensemble averaging thus appears  t o  b e  t h e  b e s t  method of 
F u t u r e  work should b e  d i r e c t e d  toward processing wind p r o f i l e s  u s i n g  t h e  
Considerat ion should a l s o  b e  given t o  t h e  e f f e c t s  of methods developed he re .  
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ESTIMATION OF BACKGROUND WIND AND MEAN TEMPERATURE FROM DATA 
For convenience,  gene ra l  wind and temperature  p r o f i l e s  w i l l  be  r ep resen ted  
i n  t h i s  appendix by a common parameter 5. 
f o r  e i t h e r  type  of d a t a .  
The fo l lowing  arguments are v a l i d  
Thus,, 
The theo ry  developed i n  t h i s  r e p o r t  i nc ludes  c e r t a i n  assumptions concerning 
t h e  form of S(x,  z ,  t ) .  That is ,  
where 5 ( z )  is  t h e  mean or background va lue .  
0 
Wind and temperature  d a t a  obtained by any of t h e  convent iona l  means l i s t e d  
i n  S e c t i o n  I have a common c h a r a c t e r i s t i c .  These d a t a  are a v a i l a b l e  f o r  a 
r e l a t i v e l y  l a r g e  range of z v a l u e s  i n  comparison t o  a much more l i m i t e d  x and 
t ranges .  Pa rame t r i ca l ly  t h i s  can be s t a t e d  by r e q u i r i n g  t h a t  
(A-3) 
f o r  t h e s e  d a t a .  
Given d a t a  of t h e  s o r t  cha rac t e r i zed  by equat ion  (A-31, i t  i s  tempting t o  
t r y  t o  d e f i n e  6 ( z  ) by some s o r t  of average Over v a l u e s  of S(xo, z ,  t o )  
c e n t e r e d  on z . 0 0  Criteria are thus  developed i n  t h i s  appendix under which 
0 
z + Az 
ro 
(A-4 )  
A-1 
It i s  assumed h e r e  t h a t  t h e  cond i t ions  presented  i n  subsec t ion  3.2 are  v a l i d .  
I f  so  then  background o r  mean p r o f i l e s  of t h e  form 
(A-5) 
are c o n s i s t e n t  w i t h  t h e  g r a v i t y  wave model p re sen ted  i n  t h i s  r e p o r t .  
S u b s t i t u t i o n  from equat ions  (A-2) and (A-5) i n t o  equa t ion  (A-4) fol lowed 
by i n t e g r a t i o n  g i v e s  
where 
a 5 [ k  cosh(RZAz)sin(kZAz) + R sinh(R Az)cos(k Az)] 
b -[kz sinh(R Az)cos(k Az) - R cosh(R Az)sin(kzAz)]  
Z Z Z Z 
Z z Z Z 
Since  
2 i o  
a + i b :  [ a 2 + b  ] e 
where t h e  phase ang le ,  9, i s  given by 
4 5 a r c t a n  b / a  






If a b s o l u t e  v a l u e s  are considered,  i t  f o l l o w s  immediately from equat ion 
(A- 10 ) t h a t  
provided 
(A-12) 
Condition (A-12) w i l l  now b e  i n v e s t i g a t e d  i n  o r d e r  t o  determine what s o r t  
of Az is  necessa ry  s o  t h a t  equa t ion  (A-11) is  a v a l i d  approximation. 
Consider wind d a t a  f o r  an i so the rma l  atmosphere, f r e e  of wind s h e a r ,  which 
has  a scale h e i g h t ,  H. 
u(xo,  z ,  to), c o n d i t i o n  (A-12) becomes 
For t h i s  case,  R - 1/2H and kZ - 27~/H. Thus, f o r  
Z 
1 I?  
2 Az 2 Az 
u ' ( x  z t ) [ s i n  (2-m F) + s i n h  (E)] H 
5 0.1 0' 0' 0 
5 Uo(zo)Az 
(A-13) 
I f ,  as a worst  case, u '  is  presumed t o  b e  on t h e  o r d e r  of U one sees t h a t  0 
t h e  a b s o l u t e  v a l u e  of t h e  l e f t  hand t e r m  i n  (A-13) i s  on t h e  o rde r  of 0 .1  pro- 
v i d e d  t h a t  Az i s  on t h e  o rde r  of 2H. S ince  A - H, t h i s  imp l i e s  t h a t  a s u i t a b l e  
mean v a l u e  of U ( z  ) can only be obtained by averaging u(xo, z ,  t ) over  v a l u e s  
o u t  t o  2AZ on e i t h e r  s i d e  of z . 
a b l e .  I f  u ' ( x  z 
interval may p o s s i b l y  be reduced t o  a more .acceptable  s i z e .  
Z 
0 0  0 
An averaging i n t e r v a l  of t h i s  s i z e  i s  unaccept- 
0 
t ) i s  known t o  b e  much less than U ( z o )  t h e  averaging 
0' 0' 0 0 
Since  atmospheric wind d a t a  may n o t  g e n e r a l l y  e x h i b i t  t h e  f e a t u r e  t h a t  
u ' (xo ,  z o ,  t o )  << Uo(zo), i t  would appear from t h e  r e s u l t s  of t h i s  appendix t h a t  
t h e  approximation expressed by (A-11) is  n o t  a u s e f u l  means of determining 
U ( z  ) because of t h e  unacceptably l a r g e  a l t i t u d e  ranges w h i c h a r e  r equ i r ed  t o  
0 0  
A-3 
v a l i d a t e  t h e  approximation. 
(1968) i n  which an ensemble average of u (x  z ,  t ) p r o f i l e s  i s  used t o  de t e r -  
mine U ( z  ) .  
t h e  magnitude of u ' (xo ,  z o ,  t o ) .  
v e n t i o n a l  average over  a given a l t i t u d e  range by an e rgod ic  hypothes is .  
Perhaps a more v a l i d  approach is  t h a t  of Rosenberg 
0' 0 
The excurs ions  about  t h i s  mean may then b e  presumed t o  approximate 
0 0  
I n  essence ,  t h i s  involves  r e p l a c i n g  a con- 
A-4 
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